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points are random and critically dependent upon the aspect angle of the
target . As a consequence of the random phase differences, the total signal
power observed by the receiver is also random and fluctuates drastically
around some average value as a result of changes in target attitude. The
average value of power is simply the sum of the powers from the individual ~>

~ reflecting points, and this situation is referred to here as
signal sununation.

If the return signal from each of the predominant reflecting points had the
same phase as all the other signals, then the voltages in the receiver would
add rather than the . The resulting received signal power is then pro-
portional to the square of the suni of the voltages and will always be larger
than the average power obtained by noncoherent signal summation. e factor
by which the coherent signal power exceeds the average noncoheren s g -

power may be as large as the number of predominate reflecting points.
The problem that is addressed in this research is that of finding a form for
the transmitted radar signal such that coherent signal summation occurs at
the receiving point. J
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1.1. OVERV I EW OF PROGRAM

1.1.1. Problem Definit ion

Radar returns from comp l ex targets that are large compared to the wave-

length of the radar signal are composed of reflections from a number of scat-

tering points on the surface of the target. Althoug h the target may contain a

large number of scattering points , experience ind i cates that at any particular

instant of time the major portion of the returned signal energy comes from

only a few such points. These predominant reflections combi ne at the receiving

point with phases that are random because the range differences between re-

flecting points are random and critically dependent upon the aspect angle of

the target. As a consequence of the random phase differences, the total

si gnal power observed by the receiver is also random and fluctuates drastically

around some average value as a result of changes in target attitude. The

average value of power Is simp ly the sum of the powers from the Individua l

reflecting points, and th is  s it ua t ion i s referred to here as noncoherent

si gn~ l surnation.

If the return signal from each of the predominant reflecting points had

the same phase as all the other signals , then the vol tages in the receiver

would add rather than the powers. The resulting received signal power is

then proportional to the square of the stan of the vol tages and will always

be larger than the average power obtained by noncoherent signal surnation.

This situation is referred to here as coherent signal suevnatiori. The factor

by wh i ch the coherent signa l power exceeds the average noncoherent signal

power may be as large as the number of predominate reflecting points.

The problem that is addressed In this research is that of finding a

form for the transmitted radar signal such that coherent signa l summation

occurs at the receiving point. I t is assumed In this i nvestigation that

the pr.dominant reflecting pothts are known In regard to both location and
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radar cross-section. The onl y restriction imposed on the transmitted radar

signa l is that it contain finite energy.

Since the target reflecting points are assumed known, the target may be

mode l ed mathematicall y In terms of its impu l se response. The model assumed

here is that the impu l se response consists of a set of delta functions ,

each hav i ng an appropriate magn I tude factor that is related to the radar

cross section of one of the reflecting points and each having a delay

factor that is related to the relative time delay of the signal reflected

from that reflecting point. This model and the mathematical analysis that

results from it are discussed in more detail in a subsequent section. The

mathematical problem may be defined as that of finding the si gna l form

that maximizes the ratio of the signa l energy at the output of the target

model to the signal energy at the input to the target model .

1.1.2. Objectives of the Investigation

The investigation pursued here has three major objectives. They are:

1) To provide a mathematical analysis that will define the optimum
si gnal waveform for maximiz ing coherent signal summation and to
determine theoretIca l l imits on the amount of improvement that
can be obtained by using this signa l waveform.

2) To perform a computer study In which optimum and sub—optimum
signa l waveforms are determined for a specified target model
and to evaluate the response of the target model to the de-
rived waveforms in a variety of monostatic and bistatic situ-
ations with various target aspect angles.

3) To compare the computed results with those predicted by the
ma thema t i cal theory and to draw some concl usions wi th regard
to the advantages and disadvantages of using optimum radar
waveforms to enhance returned signal energy, and also to make
recommendations regarding the feasibility of extend I~,g this
approach to consider unknown targets by means of adaptive
signal processing.

All three of these objectives have been achieved . The next subsection

gives a brief summary of the major theoretical results and conc l us i ons, and

Section 1.2 presents some selected computational results and their significance.

This is done on a non-mathematftai basis in order to emphasize the physica l
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aspects of the situation . The detailed mathematica l analysis and the bulk

of the computationa l results are presented in Chapter 2 and conclusions and

reconinendations for furthet work are in Chapter 3.

1.1.3._Brief Summary of Results and Conclusions

Mathematica l Analysis. The mathematical analysis contains three

princ i pa l parts. The first part considers signals that are not time—limited ,

but are constrained to have a finite energy. This ana l ysis ind i cates that

the optimum signal waveform is a steady-state sinusoid with vanishing l y

small amp litude and having a frequency such that the power transfer function

of the target model is a maximtnii. In s wne cases there may be many such

frequenc ies. Although an optimum frequency is dif f icult to dete rmine

ana lytical ly, they can always be determined by computation. The phys i cal

significance of such a frequency Is that it corresponds to a wave length

such that all delay differences from the various reflecting points on the

target are Integral multi ples of the wavelength. Thus, a coherent wave

imp Ing i ng on the target will result in reflection s that add in phase and

the maximum si gnal voIt~ge Is ach i eved. Since the delay differences can

have any va l ue, some cothinatlons will result in the lowest optimum frequency

be i ng very high -- perhaps outside of the range of practica l interest.

There will be lower frequencies, however , at which the reflections almost

add in phase and these w i l l  y ie ld loca l maxi ma that may be very close to

the theoretical absolute maximum. This phenomenon is clearly exhibited

in some of the results tha t fol low.

The second phase of the mathematica . analysis consi ders time—limited

si gnals that are also constra i ned to have i finite energy. The analysis

in this case reveals that the energy ratio that Is being maximized depends

only upon the time-ambiguity function of the transmitted signal. The

optimum signal Is one for which the tlmc-amblgulty function has its largest

va i ues at delay va l ues correspond i ng to the delay differences for the target

-

~
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model. A sub—optimum approach to achieving such a waveform is to use a tIme-

limited sinusoid whose duration is severa l times the duration of the target

impulse response and whose frequency is one of the optimum frequencies that

exi st for the non-time-limi ted signal. The computational results reveal

that thIs waveform w i ll  usually yield resul ts that are within a fraction of

a dP of the theoretica l absolute max imum.

The third phase of the mathematical analysis is to seek a truly optimum

signa l waveform by representing the transmitted signa l by the weighted sum

of orthonornal basis functions and selecting the coefficients nultip lying

these basis functions so as to maximize the deslred ene rgy ratio. If the

basis functions form a complete orthonornal set, then such an approach will

yield an optimum waveform. The computational results reveal that as the

duration of the time- limi ted signal becomes long compared to the duration

of the target impulse response, the optimum waveform approaches a constant

amplitude sinusoi d having one of the optimum frequencies previously noted.

Computational Results. Computations have been made for two different

target models. One model assumed only two reflecting points with equal

reflection coefficients. This model was employed primarily as a check on

the compute r program since it Is relatively easy to evaluate selected

points analyticall y with a model this simp le. The second model assumed

ten reflecting points distributed In an area roughly 12 meters by 18 meters.

in most cases the reflection coefficients were the same for all reflecting

points since this represents a worst—case situation so far as variation in

the return signal is concerned.

For the case of non-time-limited si gnals (CW case), calculations were

made of the squared mangi tude of the target transfer funct ion, ~
H(f)1

2
,

at a variety of incidence angles , reflection angles, and frequencies.

Si nce IhI (f) 1
2 

is equal to the des i red ratio of re~~ected s ignal energy to 
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incident signal energy, the maxima of this function are exactl y the informa-

tion sought. Selected computat I ons are displayed In the next section and

reveal two siqnif ican t i tems:

I) At some angles there are many frequencies at which the theoretical
maximum response is achieved. In general , these frequencies are
harmonically related (as would be expected from the physical Inter-
pretation above).

2) At some angles there is no frequency at which the theoretica l
maximum response is achieved within the range of frequencies
searched (I GHz to 10 GHz). In most such cases, however, there
are one or more frequencies for which the maximum response Is
very close to the theoretical maximum.

in t h e  case of time-limited si gnals the actua l ratio of reflected signal

energy to inc i dent si gnal energy is calculated . This calculation Is made

in terms of the time—ambIguIty function of the signal rather than the si gnal

Itself , since this approach reduces computer time . Computations have been

made for signals composed of video pu l ses and si gnals composed of a single

RE pulse with a rectangular envelope. The video pulse corresponds to using

a zero frequency carrier and zero frequency is always an optimum frequency.

The RE pu l se case was evaluated for both arbitrarily selected frequencies

and for frequencies that had been shown to be optimum in the CW case. in

all cases a variety of incident and ref l ection angles were used. Selected

resul ts are displayed n the next section and revea l the following:

I) Video pu l ses having durations about Ie times the duration of the
target Impul se response yield resul ts that are very near the
theoretical maximum . This suggests that RE pu l ses of the same
duration and at the optimum frequency should do equall y well.

2) RE pulses of l ong duration yielded results that were essentially
the same as those for the CW case.

3) RE pulses of shorter duration yielded resul ts that were essentially
si milar to the video pulse case when the frequency was at one of
the optimum CW frequencies.

1,) As wou ld be expected , the variation in response with aspect ançle
becomes much more rapid as the carrier frequency goes up. Thus,
i f  one at tempts to achieve more nearl y op timum resu l ts by goin g
to highe r frequenci es, the anguia sensitivity of the response
becomes more of a probl1~m.
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Computations were also it e using a signal defined by the optimum ortho—

normal expans i on and eva l uating 1(1 or 12 terms of this expans ion. The results

of this i hasc of the computational stud y clearl y indicate that for si gnals

much longer in duration than the target Impulse response, the RF pulse at

an optimum frequency and having a rectangular envelope is the signa l that

Is approached in the limit. Ihie just i ficatio n for this statement is pursued

in more detail in a subsequent section.

tiajor Conc l us ions. A brief r unv’iary of the major conclusions is given

here in order that this section may serve as a self-conta i ned suninary of the

overall report. The justificat Ion for these conclusions , and an elaboration

on them, are presented in detai l  in Chapters 2 and 3. The conclusions may

be sumnarized as follows :

1) The received signal energy may be increased over that obtained
with noncoherevit signa l siev~ation by a factor that is at most
equa l to the number of dom i nant reflecting points.

2) The theoretIca l maximum improvement can be very nearl y achieved
with an RF pulse hav i ng a duration that is long compared to the
duration of the target impulse response and a frequency that is
one of those for which the target transfe r function is a maximum.

¶ 3) At some aspect ang les , the lowest optimum or near—optimum fre-
quency may lie above the range of frequencies that can he used.

‘e) The change in optimum frequency with aspect angle is rap id and
discontinuous .

5) Complex waveforms that are more nearly optimum than simple RE
pulses can be determi ned theoretical ly, and may provide Improved
performance over constant amp litude pulses. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1.2. PRESENTATiON OF SELECTED CO1IPUTAT i ONA L RESULTS

This section presents a few selected computational results as a means

of summarizing the scope of the study and revealing Its salient features.

A more complete documentation of the computationa l results appears In

Chapter 2.

1.2 .1 .  (
~eneral Target Model

A comp l ex radar target may be modeled as a collection of hi reflecting

points , each having a radar cross—section of 01, i 1 , 2, ..., hi.

Althouqh the actua l cross—section of any one reflecting point deper’ ~~ upon

the angle of inc i dence and the ang le of reflect i on, this aspect :s not

cons i dered here and all reflectin g points are assumed to be . omnidirectional.

From the radar equation the returne d signa l vol tage (defined as the

square root of the instantaneous power) from the ith reflect i ng point is

R +R
v (t) I R ° v (t - _:! ~~

_
~~!~ (1-1)

( R1.R~1

where

C
T 

= transmitting antenna power gain

= receiving antenna ~~~~ gain

= wavelength

fl ,.1 = range from the transmitter to the ith reflecting point

~ range from the rece i ver to the ith reflecting point

v1
(t) transmitted voltage

Since all of the reflecting points are very nearly at the same range , it

Is convenient to define a connon amp litude factor for all reflect i ng

points as
I

I R  oK — , all 1 (1—2)

1’
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Th us ,

vRi
(t) = ~~~~ v1

(t - 
RTi

+R
Ri (1-3)

and the total voltage at the receiving point is

ii
v (t) = ~ v (t)

R 
~ =~ 

Ri

hi ft fR
= K ~~ ~~~~ v.~.(t 

- _

~~~~~~ 

R I ) (1—1+)

It is convenient to compare the power or energy in the returned signal

with that of the inc i dent signal wi thout considering the effects of range

and antenna gain. For this purpose. define the incident voltage at the ith

reflecting point as

e(t) = 
T 1~~v (t) ( 1— 5 )

I

where A is an arbItrary reference area. simil ar ly, defIne a reflected

si gnal , d 1 ( t) ,  such that

v .(t) ~ ° d . ( t )  (1-6)
RI 1

~w R ~

Upon compar ing ( 1 — 5 )  and (1—6) with (i— I) , it is clear that letting

d 1
(t) = a 1 e( t  - 

R~.+R 1 (1-7)

where
a ia 1 -r

w i l l  lead directly to (I—i).

The total recei ved voltage may now be expressed as

hi
vft

( t )  Kt1~ ~ 
di(t ) — Y~t

1
~ d(t) (1—8)

i—I

where

d(t) — a i e(t — ~
‘Ti Ri ) (1—9)
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Since d (t) contains all of the relevant information about the target structure ,

it is sL fficien t to compare tile power or energy of d(t) with that of e(t).

i t .  is t h i s  comparison that Is used in the computational and analytica l results

presented In this report.

I.?.?. CW ~i Qnal: Two—Point Targe t

The notation and geometry associated with the target hav ing two re-

f lecting points are shown in Figure 1-I.

Ref iectedN
Wave ‘N inc i dent

a2 

‘

~
‘N
~K ~~~ 

Wave

(—x ,o) (x,o)

Figure 1—1 . Geometry for the two—point target.
The a i are reflection coefficients.

The basic assumption in this case, and all others considered here, is that

the radar transmitter and rece i ver are far enough away f rom the target that

both incident and reflected wavefronts may be considered p l ane. Thus , the

anale of Inc i dence, 
~e’ 

is j~eas,,red from the ~bscis~a to the normal to the

Incident wavefront and the angle of reflect ion, 0d’ Is measured to the

norma l to the reflected wavefront.

The inc ident signa l is described by

e(t) — cos u t  (1-10)

and the reflected signal by

d(t) — D cos (~~~~t + o) ( 1—i l ) 1
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The magnitude parameter D relates the average power in the reflected signal

to that In the incident signal , the ratio of these two powers bei ng D2. Thus,

10 log D2 is the power ratio expressed in dB. This quantity is shown in

Figures 1-2 and 1—3 for two different angles of inc idence and au angles of 
- 

-

ref lectIon. it is apparent that although the maximum ratio is 6 dB, as

it should be for two I dentical reflecting points , there Is a great deal of

variation in the response for even this very simple target configuration.

1.2.3. CIA Signa l: Ten—Point Target

The geometry for the ten-point target is shown in Figure 1—k , in  which

a ll dimensions are In meters. The power ratio is shown In Figure 1—5 for a

case in which the angie of incidence is equa l to the angle of reflection

(I.e., the usual monostatic radar case) for a small range of angles (70° to

80°) and a frequency of 1 GHz. It may be noted that the variation in power

ratio Is more irregular and more rapid (with angle) than it was for the two-

point case. Furthermore, there Is no angle at which the power ratio reaches

its theoret i ca l maximum va l ue of 20 dB at thI s frequency.

A similar plot, for the same set of ang les, is shown In Figure 1— 6 for

a frequency of 10 GHz. In this case the variation has become much more

i rregular and rapid and there is one angle at which the theoretical maximum

of 20 dB is reached for all practica l purposes.

In order to determine the optimum frequenci es for the ten—point target,

plots of the magnitude squared of the target transfer function, 11(19 1
2
,

have been made for all frequencies between I and 10 GhIz for a variety of

angles of Incidence. Three such plots are shown here for the frequency

range between 4 and 5 GHz and angles of inc i dence equal to 30’, 45°, and

60°-. These are displayed in Figures 1—7 , 1—8, and 1—9. I~ Is of interest

to note that the theoretical maximum of 100 is achieved at numerous fre-

quencies for the 45° case, but is not achieved at any frequency (in this 
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range or in the range from 1 to 10 GHz) at angles of 30’ and 60’. However,

there are frequencies for both of these angles at which 111(f) ~
2 exceeds 90

and , hence, comes with 0.5 dB of ach ieving the theoretica l maximum. A

similar statement can be made for every other angle that was tried and ,

hence, is probably true in general .

1.2.1,. Time-Limited Signal: Two-Point Target

For purposes of checking the computer program with some simple signals

and targets, the two—point target was tested wi th a sequence of five rec-

tangular video pul ses as shown in Fi gure l-iO . Typ ical resul ts are shown

In Figures 1- 11 , 1—1 2, and 1—1 3 for two reflecting points separated by 15

meters. These results display the ratio (in dB) of the energy of reflected

si gnal to the energy of the Incident signal for three different angles of

incid ence and all angles of reflect i on. In all cases the theoretical

maximum of 6 dO is achieved at some angle.

1.2.5. Time—L’mlted S~~nal: Ten-Point Target

Three classes of signals were tried with the ten—point target. These

Included:

1) Sin gle rectangular video pu l se.

2) “Hatched f i l ter signal” video pulses.

3) RF pul se wIth rectangular envelope.

Examples of all three are Included here.

Figure 1-14 shows the energy ratio for a single rectangular video pulse

having a duration of 120 ns and with O~ — e
d
. (This is approx imate l y the

maximum duration of the target impulse response). Although the theoretical

maximum is not achieved anywhere (because of the relatively short si gnal

duration), the response is wi th in I dO of this  max imum at some angles and

within 2 dO of the maximum almost everywhere. 
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Figure 1-15 shows a similar result in wh i ch the video pu l se duration has

been made 10 times the duration of the target Impulse response at each angle.

The energy ratio in this case Is within 0.4 dO of the theoretical maximum

- - at all angles.

It should be recalled that the video pu l se, although not a practical

signa l for transmission , corresponds to us i ng a carrier frequency of zero,

and that zero frequency is always one at which coherent signal sumation

occurs.

The “m atched filter signal” is defined to be a sequence of video pulses

having separations that are the time inverse of the delays in the target

impu l se response. Thus, this is the signal for which the target impulse

response is the matched filter. It might be though t that this should be an

opt imum type of waveform , but the mathematical analysis in Chapter 2

reveals why this is not the case. The matched filte r signal depends upon

the target aspect angle and is shown in Figure 1—16 for the case in which

— °d 
60°. The response to this waveform is shown for all angles in

Figure 1—17. Although the response does peak at 60° (and Its complement)

the maximum response is almost 7 dB below the theoretical max imum. It is

clear that this form of signal is not as good as the single long pulse.

Two examp l es of the RF pulse with a rectangular envelope are shown in

Figures 1—18 and 1-19 for angles between 55° and 65° and for a pulse

duration that is about four times the maximum duration of the target Impulse

response. I n the first figure the frequency is picked arbitrarily to be

I GHz. The maximum response in this case occurs at an angle of about 63.3’.

The second figure uses a frequency that Is the closest optimum frequency

above 1 GIIz for the 60° case. It Is of interest to note that although this

frequency yields the highest response at 60’ of any frequency in th i s

range, there is an angle close to 60° for which the response is still

hig her. In both figures , however , the maximum response Is about 2.5 dU 
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below the theoretical maximum. in order to achieve bette r results , one would

have to go to a frequency of about 4.5 GIiz. The response for this optimum

frequency is shown in Fi gure 1—20 , in wh i ch it is evident that the maximum

response is less than 1 dO be low the theoretical max imum.

1.2.6. Optimum Orthonormal Signal Expansion: Ten—Point Tar9et

An optimum si gna l waveform can be found by representing the si gnal in

terms of orthonormal basis funct ions and finding the coefficIents that

maximize the enrgy ratio. The mathematical detai ls of this technique are

presented in a subsequent section.

A computationa l approach to this method was performed by us i ng twenty

mutual ly ortiioqonal sinusoids to amp l i t ude  modulate a carrier and adjusting

the relative amp litudes of the sinusoids in accordance with the mathematica l

relations. Thus, the genera l form of the transmitted signal is that of a

carrier and twenty pa i rs of sidebands.

Without dwelling on the mathematical details at this point , two computed

examples serve to show the nature of th~ result. The first case Is one in

wh ich the carrier frequency is selectens to be one of the optimum frequencies

for an inc idence ang le of 45’ and the pu l se duration is very long (lOs )

compared to the target impu l se response. (See Figure 1— 8 and observe that

the theoretical maximum is achieved at f — 4. 451650 GIiz, as well as at

other frequencies ). This carrier is then modulated wi th  20 harmon icall y

re lated sInusoids and the amplitudes of these modulation signa ls adjusted

to maximize the des i red energy ratio. The resulting ptir.ium amplitudes

are displayed in Table I. ~t Is ev i dent from the table that essentIally

all of the transmitted si gna l energy is assigned to the carrier frequency

(which is the optimum frequency) and very little of it to the other fre—

quency components. This waveform gives an energy ratio of 100 which is

the sane as that of the sing le frequency sinusoid. The envelope s shown

in Fi gure l-2la and is seen to be of a generally rectangular shape .
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10
(a) Si gnal durat i on of 10 ns

(b) S i gna l duration of 300 ns

Fi gure 1—21. Envelope of optinun waveform for 10—point target (f
4.5 GIIz and 0 — 60.1’).
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Table I. Optimum Asnplitude Modulated Signal

— 45° , f
0 

— 4.451650 GHz

Harmonic Amp l itude HarmonIc AmpHtude

O .9708 - 10 -.0498

—.0085 11 — .0238

2 .0107 - 12 - — .0224

3 .0138 13 — .0941
1~ — .0241 14 — .0727

5 — .0854 15 —.0663

6 — .0138 16 -.0309

7 — .0421 17 — .1177

O -.0336 18 .0672

9 -.0031 19 -.0298

In the second example the carrier - frequency is set arbItraril y at

4.50 6Hz, the pulse duration at 300 ns and- the optimum amplitude s determ i ned

for an incidence angle of 60.1°. The resdlts are shown in Table ii. The

energy ratio for thIs waveform is 14.3- as compared to 6.5 for a rectangular

RF pu l se of the same duration .

Table II. Opt imum Amplitude Modulated Signal

o — 60.1°, f — 4.500 6Hze o

Harmonic Amp l itu de Harmonic Amp l i tude

0 — .003 - 10 .280
1 — .004 11  .053

2 — .005 12 .019

3 — .012 13 .010

It — .014 lIt .006
5 — .011 15 .002

- 6 — .004 16 - .002

7 .014 17 — .002

0 .130 18 .002

L 

9 - .949 001
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It is seen from Table II that the maximum amplitude component is the 9th

harmonic of the fundamental. This corresponds to side bands at ~.5 ~ 0.03

6Hz and calculation reveals that these sidebands fall neares t to the peaks

of the CW power transfe r function . In this case hoi~ever, the other corn—

ponents are of sufficient amp litude to si gnificantly alter the shape of

the envelope from that of a rectangular pulse. The envelope is shown in

Figure l—22b . More study will be required before the full significance

of optimizIng the enve lope of the waveforn can be determined. h owever,

it appears that a rectangular pulse at the optimum frequency gi ves results

comparable to the optimum waveform.

1.2.7. Variation of Optimum Frequency With Incidence Angle

This phase of the study attempted to determIne how the optinum frequency

varies with the ang le of incidence and , in part i cular , if this variation

was a continuous one. This question is mot i vated by the des i re to cons i der

automatic techniques for track i ng the optimum frequency as the target

changes its aspect angle.

This aspect is investigated by produc i ng three-dimens ional plots of the

target response as a function of both frequency and ang le of incidence .

Such a plot is disp layed in Fi gure 1—22. Note that the angular range covered

by this plot is extreme l y small. Consideration of this plot reveals that a

continuous frequency track ing ope ration is not feasible because the optimum

frequency jumps abruptl y from one value to another whenever the amplitude

of one ridge In the plot drops below the amplitude o~ an adjacent ridge .

This concl us i on indicates the need for a more extensive study of this

phenomenon if adaptive space—time signal processing is contemplated.

•

~

-— _ _  _ _ _ _ _  _ _ _ _  _ _ _ _
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2.i. MATHEMATICAL ANALYSIS

I n this chapter the physical problem described in Sect Ion 1.1.1 is re-

stated in mathematica l terms and solved to the extent that en analytical

soiution Is possibie . Since the target Is to be modeled In terms of its

impulse response, the problem becomes one of linear system analysis and

the discussion that follows is placed in that context.

2.1.1. Problem Definition In tiathenatical Form

The system under consideration is shown in Figure 2—1.

e(t) d(t)
h(t) 97 f ( t )  

g(t) + m(t)

n C t)

Fi gure 2-1. Block diagram of system under consideration.

- 

It Is desi red to find the form of e(t) that w ill maximi ze the output signal—

to—noise ratio at any specified time to 
under the followi ng assumpt i ons:

a) The impulse response h(t) Is known.

b) The noise n(t) is wh i te with a one-sided spectral dens i ty of H .

c) The energy of e(t) is constrained to be a fixed value , E0.

d) The filter impulse response f(t) is causal.

The output signal-to-noise ratio Is def i ned to be

g2(t)
(s/H) — 

2 

0 (2 —1 )
° E[m (t)]

When the noi se is white it is well known that this si gnal—to—noise ratio Is

maximized by us i ng the matched filter; that is when

f(t) — d(t0—t) , t > o
— o  , t < O  (2—2)

and that the maximum signal-to-noise ratio Is
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2 2 
2 E ( t )

Max (S/N) — 
~~~

— L° d (t) — ° (2— 3)

where Ed(tO) is the energy in d(t) up to the time t .  if d(t) is time limited ,

then to 
can be selected large enough to include all of the energy of d(t).

Thus , in this case

Ed
(tO

) — Ed

I t  is clear that maximizing Ed, subject to the constraint on E0, w i l l

satisfy the conditions of the problem. Thus, the problem may be stated as

find i ng the form of e(t) that maximizes the ratio Ed/EO for any specified

h(t).

2.1.2. General Formulat ion

The response of h(t) to a signal e(t) is simply

d(t) — ~~e u  h(t—u) du (2-It)

and the energy of this response is

Ed 
— L?2(t) dt (2-5)

L ikewIse , the energy of e(t) is

— f
°°
e2(t) dt (2—6)

- 

The ratio to be maximized is

E I (I eCu) h(t-u) du]
2
dt

R — ~~~~.’ , (2-7)

° J e
2 (t) dt

An alternative formulation is to maximize the parameter

— 

~~~~~~~~~~~~~~~ 

h(t— u) duj 2dt — A fe
2(t) dt (2—8)

where A is the Lagrang i~~ multiplier and is adjusted to satisfy (2 6). 

— - - -~~- -- -- --- - - - -_ - - --- ~~~~
- - - -“--- ----——- _ A
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The problem can also be fornuiat.d in the frequsncy domain by noting

that the Fourier transform of d(t) is simply

D(f) — E(f) 11(f) (2—9)

where E(f) is the Fourier transform of e(t) and H ( f )  is the Fourier transform

of h(t). Furthermore, the energy of d(t) is

Ed 
— LID(f)1 2 df (2—1 0)

while that of e(t) is

E0 — ~:
I E f I 2 

df (2—li)

Thus , (2-7) and (2—8) become

J IE (f)1
21H(f)1

2 df
R ’ _ 
- 

(2— 12)

I ~E(f)l
2 

df

and
—

J — I IE (f)1
2
1H(f)1

2 df - A J lE(f ) 1 2 
df (2-13)

2.1.3. Optimization With No Time Constraint: Frequency-Domain Solution

When e(t) is not constrained to have a finite time duration , the optimi-

zatIon is most conveniently carried out in the frequency domain. Equation

(2— 13) may be written as

— I 
(tH(f ) 1 2 

— A ]  IE(f)1 2 df (2—14)

It Is apparent by Inspect ion that J can be maximized by having all of the

energy of e(t) concentrated at a single frequency and letting that frequency

be the frequency at wh i ch I~
(
~)I

2 is a maximum.
To express this conclusion more precisely, let

l i m  E
E(t) — I. — -yt cos 2wf0t It i < I

— 0 , I t i > 1 (2—15)

_ _
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where f is a frequency at which 111(f) ,
2 
has a global maximum. Note that the

signa l amplitude becomes vanishingly smal l  In the lImit. This Is a consequence

of maintaining a finite energy over a Infinite tIm’~ duration. (There may be

more than one such frequency.) It is then straightforward to show that in

the limit

E
E(f) j

2 
— 

~~~ 
[~(f—f~) + 6(f+f )]  (2— 16)

The deslred ra tio then becomes

— E
f~~~~f 

[6(f—f ) + .S(f+f
0)] IH(f ) 1

2 
df

Max (R) — _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

j  
~~~~~ 

[o (f—f ) + 6(f+f )] df

— 
~~~ 

E(H( f
0

)~~
2 

+ IH(—f 0) 1
2) — IH(f

0) 1
2 

(2— 17)

A case of particular interest Is that In which the impulse response

h(t) can be represented as a set of 6 functions. Thus, let

N

h(t) — E a
1 
6(t—r

1) , 0 c a 1 c 1 (2— 18)
i—I

from which

H —j2wft
H ( f )  — ~ a1 e (2—19)

- : 1— 1

-

- Then,

2 
N N —J 2w f( -r 1—r )

1h4(f ) I — E E a;aj e (2—20)
i— I j—l

The frequency f0 may be obtained from

dII1~~~)I
2

, 0

whIch leads to the transcendental squatlon

N H
Z 2sa1a (11—r ) sin 2sf (r 1—~ ) — 0

i-I 
~~~
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Th is can be further reduced , by u s i n g symet ry, to

H 1-1
z z a ;a 1 (t 1 —r j) sin 2tf (-r1 —-t 

) — 0 (2—21)
i—2 J—1 -~ -~

Th. desi red f0 is among the solutions of (2—21) but it may be necessary to

check all of the solutions in (2—20) in order to determine which one is the

global maximum.

Although an explIcit result for the maximum value of il (f)1
2 Is not

possible , it is possible to establish a bound on this quantIty. From the

evenness of the cosi ne and the oddness of the sine , (2-20) can be written

as

~ 
M M

IH(f)1 — Z E a
i
a t cos 2wf(r1

_r
j
) (2—22)

1—1 i— i -‘

This cl early will have its greatest poss lb le value if all of the cos i ne

terms are equa l to unity. Thus ,

2 N
IH(f) I I E a ,]

2 (2—23)
1—1

In some cases th i s  bound can be achieved (e.g., when the a1 are a l l  equal

and the -r~ are equally spaced,or at f — 0) but In the more -genera l case i t

cannot. Thus, it appears that computational evaluation of the maximum Is

necessary in general.

2.1.4. Optimization With No Time Constraint: Time—Domain Solution

Although the frequency—domain solution given above Is adequate to

solv e the problem when there Is no t ime constra int , some additional Insight

can be gained by looking at a time-domain solut ion . Referring to (2—8)

— (L.~~
1) h(t—u) du]

2 
d t — A J e

2(t) dt (2—8)

the procedure is to replace e(u) by eCu) + enCu) where n(u) Is any variation

that vanishes at + •. Thus ,

- - - -

~

- - - - - -- - - - -~~~~—~~~- - -~~~ - -



42

j  — f(J [e(u) + efl(u)]h(t—u)du}2dt — A J [e(t)+c~ (t)]2dt (2—24)

and

— J Cf e(u)h(t-u)du][J n(u)h (t—u)du]dt - A 
i:

C t f l t d t  • 0 (2—25)

Wr iting this as an Iterated integral and rearranging the sequence of Inte—

gration leads to

1: n(v) dv 1: L e(u) h(t-u)h(t—v)dudt - A n(v)e(v)dv — 0

or

1: n (v)(f / e(u)h(t—u)h(t—v)dudt — A e(v)]dv — 0 (2—26)

For th is to be true for any variation n(v) requires that

1 f e(u)h(t—u)h (t—v)dudt — A e(v) — 0, — < v c — (2—27)

Equation (2—27) can be written in simpler form by defining the tIme-

aithigu i ty function of h(t) as

— h(t) h(t+r) dt

Substituting Into (2—27) leads to

fe(u) Rh(u-v) du - A e(v) — 0, — c v c (2—28)

This Is a homogeneous Fredhoim integral equation for which there are well-

known solutions.

The easiest approach is to Fourier transform (2—28) to obtain

E ( f )  Sh (f) - A E (f) — 0 (2—29)

where Sh(f) Is the Fourier transform of Rh (r) . Non—trivial solutions of

(2—29) exIst for every value of A for which

Sh
(f) — A — 0 (2—30)

I
_ 

~~~~~~~- -~~~~ --~~~~~~~~-~~~~~~ -- -- - - -  -- ~~~-~~~ - - -  -- ~~~~~~~ ~~~--~~--~~
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For every val ue of A there are a set of solutions corresponding to all values

of f that satisfy (2—30). Since these solutions must have Fourier transforms

that satisfy (2—29) for discrete values of f, they must be slnusolds. Thus,

the general solution may be represented as

K
e(t) — E C

k 
COS (2wfkt + °k~ 

(2—31)
k—i

where the 
~k 

are the discrete solutions of (2—30), the ck are selected to

sat isf y the energy constraint on e(t), and K Is the total number discrete

solutions of (2—30).

When A is chosen to be equal to the maximum value of 
~~~~ 

then there

is just one val ue of and the solution becomes identica l to that in the

prev ious sectIon since It Is apparent from the deflnltlon of Rh
(r ) that

Its Fourier transform is

2
—

However, other solutions can also be obtained by selecting smaller values

of A. The details of such solutions are tedious and are not pursued here.

The main point to be learned from the time—domain approach is that there

appears to be an infinite number of possible solutions.

For the partIcular case in which

N
h(t) — E a1 6(t—r 1) , 0 < a1 < I

i—i

the time—ambigu i ty function becomes

M M
— E E a1aj 6(-r + — rj) (2—32)
l—1 j—1

Using thIs form In the integral equation reduces (2—28) to

N i l
Z ~ aiaj e(v + — r ,) — A .(v) , — -c v -c — (2—33)

1— l i_i -~

If
2

A — MaxIH(f) I

—----- --~- - - -- - —~~ ~— - ------ -- - -- ---—--- -----— ~~~~~
- —
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and if f0 is a frequency at whIch a global maximum occurs, then

e(t) — C
0 
cos 2sf t (2—34)

Using this and (2—22) in (2—33) yields

N M  N N
E E a a c cos 2sf (v+ r 1 t ) — E E a a c cos 2sf C r -t ) cos 2sf v

1—1 J—l ~ ° ° i— I j—i J ° ° °
The l eft side of (2—33) may be rewritten as

M M
E £ a;ajc0(cos 2-if ~v cos 2sf0(~c 1

_
~~) — sin l-,if~,v sin 2-iif0(-r,-r~)

i—i j—l

M M
— E E a~a~c cos 2sf v cos 2sf (r 1 — r~) (2—35)

i—i .J—I ‘ J ~ 0 0

in wh ich the sine terms cancel because of the oddness of the sine function.

Thus , (2—34) is a solution to (2—33).

The solution discussed above is artificial in the sense that the finite

signa l energy over an infinite t i m e duratIon forces the signal ampl i tude to

become vanlshlng ly small. However, they can be interpreted in a practical

sense as representing a near-optimum solution when long pulses are employed.

in order to avoid the problem of vanIshin g signals it is possible to impose

a constraint on the time duration of the signals. This is done in the

fol towing section of this report.

2.1.5. Optimization Wi th Time—Limited Signals -

A t ime constraint Is im posed by stipulating that e(t) be zero outside

of a f i n i te t ime interva l , say, —T to T. The response of h(t) to this time—

l imited signal Is simp ly

I
d(t) — f eCu) h(t—u) do (2—36)

-T

and Is not necessarily time limited. The energy in d(t) may be expressed as
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E
d 

— f (I eCu) h(t—u) du]
2
dt

-w -T

— T T
— f f J eCu) e(v) h(t—u) h(t—v) du dv dt (2-37)

-— -T -T

Upon employing the definit ion of the time—ambiguity function, th i s  can be

written as

T T
Ed — I I e(u) e(v) R.,~(u-v) dudv 

(2-38)
-T -T

The above expression can be written in more conven ient form by letting

-r — u—v and expressIng the double integral as

T I 2T T-r 0 T+r

f f ( )dudv — f dt f ( ) dv + f dT f C ) du (2-39)
-T -T 0 -T -2T -T

If -r is replaced by — -r i n the second integra l , i t becomes the same as the

first since Rh
(
~

r) — R
h(r). Thus,

2T T-r
Ed 

— J dr f e(v)e(v+-r)R
h
(r) dv (240)

-2T -T

Consider next the Integral over v in (2-40). This is sketched in Fi gure

2—2. It is clea r from this sketch that the integral is zero outsIde .af

Figure 2—2. Integrand of the signa l integral.

-T -c v -c T—-r. Thus, the Integral over v Is just the time—ambiguity function

for e(v). That is ,

It
ReCt) — f e(v) e(v+-r) dv (2—41)

-T

-— —- - —- —

~

—-- --- - --—- ---— - ---------



- --- -

~~~~~~

- 

~~~~ 
-

~~~~

- - -—

~~~~~~~~

and (2-40) becomes

2T
Ed — ‘ R (t) R

h
(r) dr (2—42)

-21

The energy of the inc i dent signal is

I
— J e2 (t)dt — R (0) (2—43)

-T

Hence, the energy ratio that is to be maximized Is

2T

E I
~ 

d _ -2T
E R ( 0)
0 e

An interesting conclus i on that can be drawn from this result is that R

depends only upon the time-athiguity funct ion of e(t) and not upon the

actual time function. This suggests that there may be many solutions, a l l

of which are equally good.

When the target ’s impu l se response Is modeled by a set of del ta

functions so that

M M  —

Rh
(r) — E a

1
a. 6(T+i- 1

—-r )
k—l i—I ~ -~

then (2—44) reduces to
M M
E I a a  R( r —-r )

R — 
— 

R (O) (2-45)

The maximum value of R would be achieved if R (rj
_r

1 ) had its maximum value

at every r
1

r 1. Since a property of any time-ambigu i ty functfrn Is that

R (r) < R (0)

i t fol lows that an upper bound on (2-45) is

M M  M 2R -c I I a 1a , — [ I a
1
] ~ N

2 
(2—46)

I—i i—i ~ I—i

- ----~~~~~~~~

~
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The problem of finding the form of e(t) thatmaximIzes R still remains ,

however. A stra i ghtforward approach Is to express R ( )  in (2—45) in integral

form and proceed In the same manner as was done in Section 2.1.4 with no

t ime  constraint. Since the only change from the previous analysis is the

finite limits , th is proced-.re Is not repeated here. By analogy , however,

the resulting integra l equation that must be solved is

If e(u)R
h
(u-v)du - Ae(v) — 0 , -T < v < 1 (2—47)

-T

wh i ch fol lows d i rect l y from (2-28). When the impulse response is a set

of delta funct Ions , (2—47 ) becomes

M M
I I ajaje(v+r 1~~r.) — Ae(v) —I ~ v ~ T (2—1.8)

i—l j—i

Any solution of this equation will be an optimum signal waveform.

Explicit solutions to (2-48) have not been found and it is conjectured

that none exist, al though this has not been proven either. Since this

conclusion Is somewhat unusual , several coments are In order:

I) Since the r
1 
may have any value (wi thin a specified range),

(2-48) implies that the sum of N arbitrary translations of
e(v) must be proportional to e(v). Since some of the trans—
la t lons w i l l  resu l t i n Iv+ r 1— -rj l > T~ these terms will be

zero and will not contribute to the sum for some values of
v. Thus, it appears that the only function that will
satisfy (2—48) is e(v) — 0 and this , of course, is a tr i v i a l
one.

2) The fact that there are no solutIon s to (2—1.8) does not
Imply that there are no optimum waveforms. Clearly, some
waveforms are better than others and there must be one or
more waveforms that are better than all others. What is
implied by this conclusion is that tE~Thest waveforms cannot
be identified by this standard optimi zation procedure.

3) If the standard optimization procedures do notwork in this
case, there are two possible ways to proceed. One is to
consider some sub-optimum waveforms and investigate then
in a systematic fashion. The second approach Is to define
signal waveforms in terms of snme sort of orthogonal ex-
pansion and attempt to optimize the coefficients of this
expansion. Both of these approaches are considered In the
follow ing sections.

- - - --- _ _ _ _
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2.1.6. Sub-Optimum Signals: Pulsed Sinusoids

Since the optimum signal when there Is no time constraint Is a steady-

state sinusoid at some optimum frequency, i t i s reasonable to assume tha t

a sinusoid with a finIte duration will be close to optimum if it has the

same frequency. In parti ular , if the duration of the sinusoidal pulse is

made long compared to the duration of the impulse response, the result ing

performance should be very nearly optImum . This conclusion is strengthened

by noting that the theoretical maxImum value of R is identical in both

the time—lim ited and non—time- limited cases.

Thus, defIne the signa l as

E
e(t) — ~2. cos u t  , ~~ -c T

~~ ~~T (2—1.9)

wh i ch is sketched In Figure 2-3. The time- ambiguity function for this Is -

e ( t)
Ir7~

__

Fi gure 2-3. The sinusoida l RF pulse.

defined by

I—-r E
Re(r) — 

I 
.4L cos ~0t cos ~~(t+r)dt , -r > 0 (2—50)

Stra i ghtforward eva l uation of this integral yields

E I sin i,. (2T—ltIl
R~ (-r) — sTn 2 ~~t [(1 

- J~ L) COS u r  + — 2w0T j
~ 

I-r j ~ 2T

— 0 , It i  > 21

(2—51 )

L - - _ _ _ _ _ _  -_______________
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in which the form for -r -c 0 is determined by ~itlIi zing the symetry of

Re(-r); i.e., R0(—r) — Pe(r)• This time—ambiguity function is sketched in

Figure 2—4. R Cr )a
E

-21 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -2 T

~‘ 
•;S~~~~~

_ —
~~

Fi gure 2-1.. Time—ambIguity function for the sinusoidal RF pulse.

I t Is noted in the prev ious section that a conditIon for an optImum

signal is that Re(tj~
t

i
) be as large as possible for all r 1 and rj. Si nce

the peaks of R (r) occur at mUltIples of the period 2w/w0, the 
cri terion

for selecting w0 Is exactly the same 
-as it was in the non-time—i iffited

case; that Is , pick a frequency such that all (tj~t i) are as close to

bei ng multiples of the period as possible.

The extent to which the time-limited RF pulse will be inferior to the

steady state sinusoid depends upon the duration of the impulse response.

i f the la rgest value of I- r
i

_ T
i ’ 

Is small compared to 2T, then all values

of R (-r~— r 1) that occur near peaks will be close to E0 and a nea~-ly~~ ,timum

result w i l l  occur. Thus , If the frequency Is correct, improved results

will always be obtai ned by making I larger.

An uppe r bound on the performance that can be ach ieved wi th an RF

pulse is obta i ned by letting the frequcncy of the sinusoid go to zero.

In this case

— -~~ — —— ,- ~. . .r: . . . 
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R (r) — E0 [l — J~L] I - r i < 21 — 0

— 0 , i n > 21 (2—52)

Since ft C-n) con never be larger than this for any w ~ 0, an upper bound

on R can be obtained by usIng (2—52) in (2—45). The result is

N N - r r j
R < I I a,a.( 1 

— __ .1
i
_ ’
~
_) (2—53)

i— i i— I J 2

Again it is clear that this approaches the bound of (2—46) when I is large.

2.1.7. Sub—O ptimum Si gnals: Mult ip le—i requenc~ Pu lsed Sinusoids

Although there is no clear IndIcation that using more than one frequency

provides any advantage, it is possible to determine the time—amb iguity for

such a situation. In this c -~e the transmitted signal is defined as

N
e( t) — I c

~ 
cos w~t , ~~ < I

t— 1

0 , ~~ > 1 (2—51.)

in wh i ch there are N different frequenc ies with diffe rent amplitudes . The

time—ambiguity function for this signa l may be written as

I-r N  II
Re
(r) — f I I c

L
ck cos Wt

t COS w
k
(t+T)dt (2 55)

-T t—l k—I

There is an additiona l constraint on the amplitude of the coefficients to

meet the signal energy requirements. Ilamely,

R (O) — (2- 56)

Eva l uation of (2—55) yields

II N sin[(u +ta~ )(i 
III )]  

I
Re
(t) — T 

~~ 
k_l t k  ~ (uL~~k

)T cos T

sinr (u -w )(T—~bJ4]
+ 

~~
_ 

k 2 cos -
~
— 
~ +w )t ~~ (2—57)

— 
(w & w k)T 2 &

I
L~. .~~~~~~~~~~~ - . _ _ __ _ _ _ _ _
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and the condition of (2—56) becomes

N N sin(w +w )T sin(w 
~k

)I
I a 

k_l t k  ~~~~~ 
+ } — E (2-58)

Several computations were performed for the case in which N — 2 but no

resul ts were found that wt:e superior, or even equal , to the single frequency

sinusoida l pulse.

2.1.8. OptImum Orthonormal Signal Expansion

The faIlure of the fundamental optimizing equation , (2—48), to yield

explicit solutions emphas i zes the need to consider an alternative approach

to seeking optimum signa l waveforms. The approach considered here is both

elegant and powerful but somewhat limi ted in its usefulness because of

computational constraints. tievertheless, i t is wor thy of considerat ion

because the computational results that have been obtai ned suggest that the

rectangular envelope sinusoidal pulse Is very nearly optimum as discussed

in a previous section.

In this formulation the transmitted signal is represented by means of

the expansion

e(t) — £ c 
n
(t) 

‘ It i -c I

— 0 It I > 1 (2—59)

where the $n(t) are orthonormai on the interval (—1 ,1]. That Is

I
J •~(t) •m(t) dt — 1 , n —
-T

— O  , n~~~m (2—60)

Thus, the time—ambigu i ty function can be written as

R~(-r) — E ~ C C  J •~(t) •~(t+t)dt (2—61)
n—I rn”) -

~~

in which i t is specified that Om(t) • 0, ~ti > I.

_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  _ _  . .
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This can be expressed In matrix form by defin ing

~
m nm(T) — / •~(t) m(t’~~ 

dt (2—62)

as the (n,m) element of an infinite—order square matrix

~~~

~~~~~~~~~~ 
122 (T)

: (2—63) —

Note that because of the orthonormali-ty , y (0) — 6,~~, the Kronecker delta,

and r’(O) — 1, an Infin i te—order Identify matrix . Also define the coefficient

vector as

c
i

C
2

C —  •

(2—61.)
Hence, (2—61) becomes

Re(r) — C
T r (-r ) C (2—65)

The optimiza tion problem may now be stated as the requ i rement to

maximize the quantity

M M
I I a a~ B (r 1 —-r )

i— l j—i I~~ e j  I

subject to the constrain t  Re(O) — E~. Thus, the energy ratio Is

M M
1 1 a1aj C

T r(r )c
B — ~~~ 

— 
8 

(246)
c r(o)c c r(°)c

where

M M
A — I I a1a ~(Tj T~)i—l i—i i 

--- - -~~~~~~ -~~~~~~~ - - -~~~~ 
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Note that once the orthonormal basis functions are def i ned, ~ becomes com-

pletel y known.

Maximizing a ratio of quadratic forms, as in (2-66), is a well—known

eigenvalue problem whose solution is yielded by the Rayleigh—Ritz criterion .

Specifically:

1) The maximum va lue of R Is equal to the largest eigenvai ue of

r~~(o) 8. Since E(O) — 
~~
, ths reduces to finding the largest

eigenvaiue of A.

2) The optimum coefficient vector C , that will yield the maximum

value of R, is the cigenvector of A corresponding to the largest

eigenva lue.

The obvious difficulty In applying the above elegant resul t to a practical

situation Is the impossibility of manipulating infinite—order matrices. The

practica l soiution to this difficulty is to limit the number of basis functions

to a finite quantity. Constraints i mposed by standard computer programs for

finding cigenva l ues and eigenvectors set this limit at about 100, al though

it could certaInly be Increased by special progranining.

A modification of this approach is to assume that e(t) Is an amplitude

modulated carrier of the form

e(t) — E C •~ (t) cos w t , it t  < I
n—I 0

— O  , t~ > 0 (2—67)

If I is picked to be an Integra l number of cycles of u , the time-ambiguity

func t ion can be expressed as

Re(T) — ~~~ ‘
~o 

c
T r ( )  c (2—68)

The energy ra ti o R ca n once more be expressed as

C
T

B ç
B — 7 

(2-69)

~

- ~~~~~ --
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where ! — 

I— I 
~~~ 

a
1
a
1 
£(T

j~
T j ) cos

Since B Is again completely known, the previousl y stated solutIon st i l l

appl ies. Namely:

I ) The maximum value of R Is the largest eigenvalue of B.

2) The optimum C is the corresponding eigenvector of B.

Since th is mod i f i ed form resul ts in basis func ti ons havin g a smalle r ‘

center frequency (the carrier term does not have to be included in the basis

function), it is somewhat easier to compute than the more general form, in

fact , It is this form that is used to provide the computat ional results dis—

cussed previously.
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2.2. COMPUTATI ONAL RESULTS

This chapter presents the results of extensIve computation in somewhat

more complete form . The selected results of Chapter 1.2 are repeated here

along wI th additional computations of the sane type,

2.2.1. ComputatIonal Methods

it is shown in Chap ter 2.1 that all of the ana lytical results depend

only upon the differences In delays correspondIng to all pai rs of reflecting

points. This being the case it is not necessary to calcuiate absolute

de lay values , ins tead , the delay assocIated with any reflecting point can

be referred to an arbItrary reference point. A convenient reference point

is the orig in of the coordiante system used to describe the locatIon of

the target refiecting points.

The coordiante system and an arbitrary reflecting poInt are shown in

Figure 2.5. The Ith reflecting point is located at (xi,y i) and its delay,

~~~~~ Incident
Wave

Figure 2.5. Illus trating the computation of delay values. 

~~- - -
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relative to the orig in , is clearl y given by the sum of its projections on

the incident and reflected rays passing through the origin. The projection

on the incident ray is (x 1 cos + sin w hiie the projection on the

reflected ray is (x~ COS 0
d 

+ y
1 

sin Od).. Thus , the del ay t
~ 

is

= — ~ 
~~~~~~ 

8~ + ~~ + y1 (sin °e + s in Od)] (2— 70 )

The fact that some de lays are negative relative to the origin is of no

consequence since onl y de lay di fferences are required.

Once the are de te rmined for g iven angles of Incidence and reflection ,

the remaining calculat ions are stra ightforward. The only practica l problem

that arises is a consequence of the very rap id variations that occur with

very sma ll changes In ang le or frequency . This rapid variation requires

that computations be performed for many very close l y spaced conditions in

order to be able to plot the results.

The magnitude of the reflected signa l Is affected by variation of any

parameters that alter the amplitude s or relative delays of the scattered

si gnals. In the present study these parameters are the angles of inc i dence

and reflection and the frequency of the incident radiation . Other parameters

that would also affect the magnitude of the reflected si gnal are the rada r

cross—sections of the individual scatters and the spac i ng and configuration

of the scattcrers. However, these parameters were not altered in the two

scatterer and ten scatterer models analyzed in this study.

The two scatterer model was analyzed primarily as a veriflcai~ion of

the computer programs since its scattered signal could be readily expressed

in closed analytica l form and therefore used as a check on the computed

resul ts. Typ ical results were presented in Chapter 1.2 and no additional

results are presented here since they do not appear to contribute signifi-

cantly to the probl em under study . 

- —-  --- —- -.- - —-  -- - -— - --- - -~~~~~-
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Itany combination s of the parameters for the 10-point target were analyzed

and a number of them are presented here as a supp lement to the results given

In Chapte r 1.2. in all cases the ordinate of the graphs is a quantitative

measure of the reflection properties of the target. The three quantit ies

used are: 0, the ratio of reflected to incident radiation (expressed in dB)

for the CW case; B, the ratio of reflected energy to Incident energy

(expressed in dB) for the finite energy case ; and IH(f) 1
2 , the squared

magnItude of the target power transfer funct i on at frequency f.

2.2.2. C%I Signals

Figures 2— Ga th rough o show the squ.-m red magnitude of the powe r transfe r

function or the 10—point target as a function of frequency for various viewing

angles . The frequency ranges from 1 to 10 GIIz and the view ing ang les range

from 0° to 90 0 . The spac ings and amp litude of the maxima of IH(f) t
2 

are

clearl y a function of the target vIewing angle and vary over wide ranges.

Figure 2-7 shows 111 (f) 1
2 
as a function of viewing angle for one of the

frequencies at which a maximum at ~~ 0 was found in Fi gure 2-6; vis .,

1,04926419 GHz. It is evident that the maximum is very short and is not

repeated In the 90° viewing angle shown.

Figure 2-8 shows 1H (f)12 as a func~Ion of frequency using an expanded

frequency scale to illustrate more c1ea~ ly the fine structure of the power

transfer function of the 10—point target. In this frequency interval

IH (f)1 reaches about 70% (-1.5 de) of its theoretIca l maximum of 100.

Fi gures 2-9a through q and 2-lOa through q are plots of the power ratio

versus viewing angle for the 10—point target at 1 GHz and 10 GHz respecItvely.

The angular segments from 70° - 80° for these two fi gures are presen ted In

Chapter 1.2 as FIgures 1-5 and 1-6 respectIve ly. The rap id variation in the

magnitude of the backscattered power with viewing ang le is clearly evident

In these figures wI th the excursions being more rapid and of generally

large r magnitude for the shorter wavelength radiation. Only o.:caslonaily

_ _ _ _ _



V -

~~~~~ ~~~~

--- - -— - -

~~~

—

~~~~

58

MAG SOURF~ED OF H VS FREQUENCY
THETA E THETA 0 ~ 0 DEGREES
10 REFLECTING POINTS

p3.0

10.0

70.0

10.0

U,

‘10.0 H
3-~~ -.~~~ ~.30O *.‘110 ~~~~ 1.7~~ 1.100 p 060 t.!00 t.~~~ t.100zu 8HZ

Fi gure 2-Ga. ~H(f) 
~2 versus frequency for the 10—point target.

H-

L
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MAG SQUARED OF H VS FREQUENCY
THETA E = THETA 0 =30 DEGREES
10 REFLECTING POINTS

100.0

10.0

10.0

70.0

10.0

1.110 1.~~~ 
~?REOUENC~~IN 6H~

Figure 2—6b. IH(f) 1
2 
versus frequency for the 10-po int target.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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MAG SQUARED OF H VS FREQUENCY
THETA E THETA 0 = 145 DEGREES
10 REFLECTING POINTS

100.0

10.0

10.0

~0.0

~~~ ‘100

-
p

10.0

*.000 1400 1.300 1.’110 1?RE~~~
f00 6*1? ’ ~~~~~~~ £ .100 1.310 1.100

Fi gure 2.6c. ~H(f)J
2 

versus frequency for the 10-point target.

-
~~~~~~~~~~~~~
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MAC SQUARED OF H VS FREQUENCY
THETA E THETA 0 ~60 DEGREES
10 REFLECTING POINTS

100.0

10.0

10.0

~0.0

x

10.0

00.0

10.0

1.000 1.110 1.300 1.’110 
6*1?00 

(.010 (.100 t.~~ (~~~ 
p

Fiqure2- 6d. I1,(f)1 2 ve rsus frequency for the 10—point target. 
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MAC SQUARED OF H VS FREQUENCY
THETA E THETA 0 = 90 DEGREES
10 REFLECTING POINTS

100.0- — _______ _______ _______ _______- _______ _______ _______ _______ _______

10.0

10.0

70.0

00.0

110.0

30.0

:

/

~ ~~~ 
~~~~~ 

JI 

~~~~~~~ ~~~~
1.000 1.160 l.~~~ 1.1100 

~~~~~~~~~ BI&~~ 
~~~ ~~~ ~~~

Fi gure 2— Ge. I~
(f)I2 ve rsus frequency for the 10—point target.
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MAC SQUARED OF H VS FREQUENCY
THETA E = THETA 0 =0 DEGREES
10 REFLECTING POINTS

*00.0 — __________ __________ ___________ ___________ _________— 

—1

60.0

70.0

=

a

10.0-

‘ ° L 
,~~~~~~~ 

- JW~ -~~~ EQtJF ICV ~N 6HZ

Figure 2-6f . t11 (f)1
2 versus freque’~cy for the 10—point target.
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MAC SQUARED OF H VS FREf~UENCY
THETA E THETA 0 =90 DEGREES
10 REFLECTING POINTS

*00.0 - —  _ _ _ _ _ _  _____ ____-— _____ _ _ _ _ _  —

60.0 -

60.0-

70.0 -

x
60.0-

a

110.0-

30.0

~~~~~~~~~ ~~~~~~ ~~~~~~~~~~
11.100 11.t00 1.300 ~~~~~~~~~~~~~~~~~ ~~~~~~~ 11.700 11.100 11.100 1.~~~

Fi gure 2—G g. JIi (f) J
2 

versus frequency for the 10—point target.

L -~~~~- -~ ~~~~---



~
-- - - - . - -— — -

~

65

MAC SQUARED OF H VS FREOUE -4CY
THETA E THETA 0 ~0 DEGREES
10 REFLECTING POINTS

100.0- — -—
60.0

60.0

~0.0

x
a

U) 10.0

30.0

60.0-

10.0-

~~. ~LJU ,~ JL~LL_ J~7.~~~~ ‘~~~~ ‘~~~~ ‘~~~~~ T~EQILI~~°°IN 6*~ 
100 6.600 6.360 •.~o •.~~

Figure 2— 61,. IH(fH
2 versus frequc~ cy for the 10—point target. 
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FlAG SQUARED OF H VS FI<EQtIENCY
THETA E THETA 0 =45 DEGREES
10 REFLECTING POINTS

*00.0 -________________ ________—--—______ _________________ _________________ -

60.0 -

60.0 -

:-
°-

60.0-

60.0-

110.0 -

z

30.0 -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~.
_ _

7.600 7.160 7.700 7 .600 7.600 6.000 6 * 0 0  6200 6.300 6.1100 l. ~~~F1I~QLENCY IN 8HZ

Figure 2—6i. IH(f l 1
2 ve rsus frequency for the 10—point target.
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MAC SQUARED OF H VS FREQUENCY
THETA E THETA 0 =90 DEGREES
10 REFLECTING POINTS

*00 .0- —— ___________ -___________ ________

60.0 -

60.0-

70.0-

U. 60.0 -

a

60.0 -

110.0-

30.0 -

‘~~~ ~~ 7?P JEt~ Y~
°IN GH~~

100 0200 I.~~~ 6.1100 I.~~~~~

Fi gure 2-6j . ~H(f )~
2 ve rsus frequency for the 10-point target. 

— - - -~~~ - -  -~~~~~~~~ -



68

MPG SQUARED OF H VS FREQUENCY
THETA E = THETA 13 =0 DEGREES
10 REFLECTING POINTS

100.0~ 
—_____ ________ ________ ________ ________  _____

10.0 -

60.0-

10.0 -

60.0-

~~ 110.0-

30.0-

- J - _L 
-

6.00 6.10 6.10 6.10 •~~0 5 0  920 9.70 620 620 *020

Figure 24k. jH(f) ~
2 

versus frequency for the 1”-point target.
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MPG SQUARED OF H VS FREQUENCY
THETA E THETA 0 =30 DEGREES
10 REFLECTING POINTS

*00.0-

60.0-

60.0-

10.0-

x
60.0-

a

60.0-

110.0-

~ ~~~~~~~ ~6.00 6.10 020 120 6.70 020 620 10.00

- ;  

ri gure 2-61. IH (f)1
2 ve rsus frequency for the 10—poin t target.
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MPG SQUARED OF H VS FREQUENCY
THETA E = THETA 0 =45 DEGREES
10 REFLECTING POINTS

100.0- - 
_________________ _________________ __________________ __________________ —

60.0

60.0

x
60.0-

a
60.0-

10.0-

_ _ _  ~~~~ _ _ _ _ _  _ _ _  _ _ _

620 1.10 120 120 

EI~~
’20 6.70 620 620 1020

Fi gure 2—6m. IH(f) j versus frequency for the 10—point target.
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MPG SQUARED OF H VS FREQUENCY
THETA E THETA 0 =60 DEGREES

• 10 REFLECTING POINTS
*10.0-

60.0-

I0.0

10.0

LA

10.0

:: 
_ _  _ _  _ _ _ _ _  _ _ _ _  _ _ _ _ _

9.00 6.10 620 920 •
~~(QIJO~~

00
I ~~~~~~~ 20 6.10 920 920 *020

Fi gure 2—6n. III(f)1
2 
versus frequency for the 10—point target.
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MPG SQUARED OF H VS FREQUENCY
THETA E - THETA 1) ~9fl 0EGREF~
10 RFFLECTIN~ F’~INT~

100.0-

::
10.0-

60.0-

a

30.0

_ _  ~~~ 

-

~~ ~~ _ _ _ _ _

6 2 0  9.10 920 L30 920 920 920 *020

Figure 2— 6o. IH(f)~
2 

versus frequency for the 10—point target.
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E 0 DEGREES
FREQUENCY =1.0149261419 GHZ
10 REFLECTING POINTS

*00.0-

60.0

10.0 -

10.0-

10.0-

110.0-

~~~~~~~ ~d j~J 
~~~~~
)LN’

~ ~~~~~~~~~~~~~~~~ ~ ‘W ‘

~~.00 6 2 0  *6.00 67.00 
~i~ TR 0 

93 00 76.00 91.00 10.00

Figure 2—7. IH(f) 1
2 
versus view ing angle for 10—point target.
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MPG SQUARED OF H VS FREQUENCY
THETA E THETA 0 =60 DEGREES
10 REFLECTING POINTS

100.0

60.0-

60.0-

70.0 - 

(I
I

-~

~~~ qc.0- 

I

*~~~~~~ Ii 1 * 0 ~~~~~~~~~~~~~~~~~~~~~~~CV IN

I 
Figure 2-8 ~u f f f l  ve rsus v~~~~ng angle for i0-po~~~~tarqet
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0 VS THETA 0. THETA E = THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS

11.00 -

10.00 -

120-

.00-

—10.00-

-*120-

.60.00-

—30.00- I
.00 1.00 620 920 1.00 620 9.00 *020

Fi gure 2-9a. Po*’er ratio versus vtew~ng angle for iO—po lnt target.
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0 VS THETA 0. THETA E THETA 0
FREQUENCY ~1 GHZ
10 REFLECTING POINTS

00.00-

*9.00-

10.00 -
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.00- 
-

Q

-*020-

-11.00 -

.10.00-

.10.00

—90.00 I I I
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~IIrn o ~~~~~~~~~ 1720 *1.00 *9.00 10.00

Figure 2-9b. P~~er ratio versus viewing angle for 10-point target.
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0 VS THETA 0. THETA E THEIR 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS

6020-

—*0.00

-*120

-1020

-1020-

I 
10.00 (

~
j
~~ ~ 

~~ 00~~~~~~ 1~00 67.00 10.00 30.00

Fi gure 2-9c. Power ratio versus view i ng angle for 10-point target.
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0 VS THETA 0. THETA E ~ THETA 0
FREQUENCY ~1 GHZ
10 REFLECTING POINTS

*020 61.00 1020 10.00 *0.00 10.60 1020 ~0.00

l gvre 2-gd. Pai~~r ratio versus view i ng ang le for 10-point target.
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0 VS THETA 0. THETA E = THETA 0
FREQUENCY ~1 GHZ
10 REFLECTING POINTS
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-0020-
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Fi gure 2-9e. Power ratio versus viewing angle for 10-point target.
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0 VS THETA 0. THETA E = THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS
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Figure 2—9f. Power ratio versus viewing ang le for 10—point target.
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0 VS THETA 0 THETA E THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS
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Fi gure 2—9g . Power ratio versus view i ng angle for 10—point target.
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0 VS THETA 0. THETA E THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS
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Fi gure 2-9h. Power ratio versus viewing ang le for 10-point target.
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0 VS THETA 0. THETA E = THETA 0
FREQUENCY ~1 GHZ
10 REFLECTING POINTS
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Fi gure 2-91. Power ratio versus viewinq angle for 10—point target.
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• 0 VS THETA 0. THETA E THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS
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Fi gure 2—9k. Power ratio versus view ng angle for 10—point target.
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O VS THETA 0. THETA E = THETA 0
FREQUENCY =1 GHZ
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Figure 2-9ni. Power ratio ve rsus view ng angle for 10-point target.
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0 VS THETA 0. THETA E THETA 0
FREQUENCY =1 GHZ
10 REFLECTING POINTS

6020-

::
.:-

~~~~~~~~~~~~~~~~~~~~~~~~~~~ V 

I’

2 -1.00 -
-4

C

—10 .00-

-*120-

-1020-

4020-

1 I I

*110.0 *11.0 $116.0 *~~.0 *~ I.0 *111.0 10.0 *17.6 110.0 1116.0 I .0
flfTP 0 IN DEGREES

Figure 2—9n. Power ratio versus viewing ang le for 10—point target. 
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0 VS THETA 0. THETA E THETA 0
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rinure 2-9p. Power ratio versus viewing angle for 10—point target.
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0 VS THETA 0. THETA E THETA 0
FREQUENCY =1 GHZ
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Figure 2-9q. Power ratio versus viewing ang le for 10-point target.
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‘0 VS THETA 0. THETA E = THETA 0
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0 VS THETA 0. THETA E = THETA 0
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Fi gure 2-lOb. Powe r ra tio ve rsus viewing ang l e for 10-point target.
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0 VS THETA 0. THETA E = THETA 0
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Figure 2-lOc. Power ratio versus viewing angle for 10—point target.
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0 Vs THETA 0. THETA E = THETA 0
FREQUENCY =10 GHZ
10 REFLECTING POINTS
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Fi gure 2—l Oe . Power ratio versus viewing ang le for 10—point target.
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0 Vs THETA 0. THETA E THETA 0
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Figure 2-lOf. Power ratio versus view i ng ang le for 10—point target.



98

0 VS THETA 0. THETA E THETA 0
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Figure 2-lOg. Power ratio ve rsus view i ng ang le for 10—p oint ta rget.
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0 Vs THETA 0. THETA E = THETI4 0
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Figure 2-lOh . Power ratio ve rsus viewing ang l e for 10-point target.
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0 vs THETA 0. THETA E = THETA 0
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Fi gure 2-101 . Powe r ratio ve rsus viewing angle for 10—point target.
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o VS THETA 0. THETA E THETA 0
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0 Vs THETA 0. THETA E THETA 0
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Fi gure 2-10k. Power rat io ve rsus viewi ng angle for 10 poi nt target.
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0 Vs THETA 0. THETA E = THETA 0
FREQUENCY = 10 GHZ
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FIgur e 2—101. Powe r ratio versus viewing .‘~g 1c for 10—point target. 
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0 VS THETA 0. THETA E = THETA 0
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O VS THETA 0. THETA E = THETA 0
FREQUENCY =10 GHZ
10 REFLECTING POINTS
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0 Vs THETA 0. THETA E = THEIR 0
FREQUENCY =10 GHZ
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Fi gure 2-lOq. Power ratio ve rsus viewing angle for 10—point target.
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do the max i ma approach their limitin g va l ue of 20 dO; however, they generall y

are well above 10 dO .

2.2.3. fl is tat l c CW Si gnals

Assuminq that a target is Itself lossless It follows that all of the

energy Incident upon a target must be reradiated (I.e., scattered) in some

direction. It is evident from Figures 2—( through 2—10 that for many

view i ng ang les and frequencies the power is not scattered back to the

transmitte r and therefore It mus t be reradiated in other directions.

Figures 2— ll a ,b ,c,d , 2—l2a ,b ,c,d , and 2—l3a ,b ,c,d show the bi static

power transfer function IH(f ) 1 2 
as a function of viewing angle for fre-

quencies f = 1.049261419, 1.05991 778, 4.’i9830053 GIiz, respectively. in

each case the frequency was selected to correspond to a maximum near the

extreme va l ue for the backscattering case. The variations in amplitude

with ang le are of the same general nature as for the backscatterinq case.

As would be expected , the maxima occur at diffe rent angular positions

depending on the angle of incidence.

2.2.4. Pulse and Matched Filter Signals

Us i ng as the transmitted si gnal a rectangular pu l se w i t h  no carrier

component, an energy ratio is obtained that is the maximum possible for

any frequency . Use of this signal is equivalent to assir*ing that the

returns from all scatterers add coherently; i.e., in phase. In this way ,

it is possibie to obtain the upper hound on possi b l e performance for any

confi guration. Fi gure 2—14, the energy ratio for the 10—po i nt target as

a function of viewing ang le when five 1 ns pulses spaced 5 ns apart are

employed. fly comparison with Figures 1-l1i and 1—1 5 it is seen that this

is less effective than us i ng a single pulse because of the many minima

compared to the sing le pulse case.
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Fi gure 2-Ila. B istatic powe r transfe r function versus viedng angle for
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NAG SQUARED OF H VS DETECTOR ANGLE
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E = 0 DEGREES
FREQUENCY =1.04926419 GHZ
10 REFLECTING POINTS
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Fi gure 2-llc. Bistat ic power transfe r function versus viewing angle for
10—point target.
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Figure 2-lld. Ristatic power transfer function versus viewing angle for
10—point target. 
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E = 45 DEGREES
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E 45 DEGREES
FREQUENCY =1.05991778 GHZ
10 REFLECTING POINTS
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Figure 2-12b . B i s ta t ic powe r t ra nsfe r funct ion ve rsus vi ew i n g ang le for
10-point target.
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MPG SQURREO OF H VS DETECTOR ANGLE
THETA E = •45 DEGREES
FREQUENCY = 1 .05991778 GHZ
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Fi qure 2—12c. B is tatic power trans fer function ve rsus viewing angle for
10—point target.
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E 45 DEGREES
FREQUENCY =1.05991778 GHZ
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Figure 2—12d. flistat ic power transfe r function ve rsus view ing angle for

10-point target.
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NAG SQUARED OF H VS DETECTOR ANGLE
THETA E 60 DEGREES
FREQUENCY =4.49830053 GHZ
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E = 60 DEGREES
FREQUENCY =4.49830053 GHZ
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E = 60 DEGREES
FREQUENCY =4.49830053 GHZ
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MPG SQUARED OF H VS DETECTOR ANGLE
THETA E 60 DEGREES
FREQUENCY =4.49630053 GHZ
10 REFLECTING POINTS

$00.0

10.0

60.0

30.0

S
60.0

11 0.0

I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
01.11 10.10 60.60 10.10 

141m ~ ~~~ isa a •.e

I

Fi gure 2— 1 3d. Bistatic power transfe r function versus viewi ng angle for
10—point target.
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Figures 2— l5a ,b ,c,d show the cnerqy ratio for the matched filter signal

as a function of In the vicinity of one of tu e max ima show,i in Fi gure 1— 1 7

and for four diffe rent pu l se durations , it is clear from these figures that

¶ short pulse durations accentuate the sharpness of the response as a function

of angle but do not g ive any increase in the maximum ene rgy ratio.

2.2.5. RF Pulse Si gnals

Figure 2—1 6 shows the energy ratio as a function of viewing ang le for

the 10-point target illuminated by a liflo ns pulse at 1 GIIz. The view i ng

angle ranges from R~ to 95° wh i ch encompasses a theoretica l maximum wh i ch

occurs at 90°. Figure 2—17 shows the sane data for a frequency of 1.20306

Cliz which is one of the frequencies for which IH(f) 1
2 

is a maximum as seen

from Figure 2—6e. Because of the finite duration of the pulse , the full

maximum Is not reached; however, it comes within approx imately I dB of

the fu ll maximum.

Figures 2— l 8a,b,c show the energy ratio for the 10—point target ve rsus

• frequency for a 300 ns RF pulse at view i ng angles of 90 , R9.9’ and 89.5’,

respecitve ly . The high angular sensitivity of the target is clearl y evident

in these fi gures .

2.2.6. SImultaneous Ang ie and Frequency Variat ions

Fi gur es 2—19, 2—20 and 2—21 show 3D p lots of the CW power rat io for the

1 0-point target for simultaneous variations in both frequency and viewing

angle. The discontinuous nature of the loc i of maximum power ratios as

discussed in connection with Figure 1—21 is also cearly evident in these

fi gures.
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2.2. 7. Coeiparison of Opt imum and lion—Optimum Frequencies

Figures 2—22 and 2—23 show the scattered signa l at all anqlcs (in a 180°

range) ~~en the inc ident si gnal on the 10—point targe t is at 1i5° . in Figure

2—22 the frequency is at a nominal value of 1.0 GIfz while in Figure 2—23 the

frequency is the optimum value of 1 .059917780 GHz for maximizing the return

signal at 14~°. In both cases, the signal Is an 1W pulse having a duration

of Ii80 ns.

Some striking diffe rences are apparen t in these results. At I Gtlz there

is no angle at which the power ratio exceeds 38 and at a received angle of

145° (i.e., ti-’e usual monostatic radar case) the power ratio is less than 2.

At the optimum frequency , however , these arc several angles at ~diich the

scattered signal power ratio is greater than 90, and one of these is ‘~5°.

Th us, in a norma l monostatic radar case the return signa l would be i ncreased

by more than 16 dB by simply us i ng an optimum value of frequency.

It Is true, of course, that the situation portrayed in these figures

is fortuitous and that an inproverient th is large will not be obtained In

all cases. Nevertheless, it Is fair to conclude that some Improvement will

be ach ieved in any case and that a very great improvement may be obtained

in  some cases.
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3.1. CONCLUS i ONS

The major conclusions may now be repeated and discussed in more detail

and in a more quantitative manner.

Degree of Signal Enhancement. If a radar target has Mpredo ininant scatters

with reflection coefficients of a1, 1 1, 2, ..., hi, the max imum ratio of

the reflected signal energy to the incident signal energy is

hi 2
R iz a) (2—70)max Ii—I

when coherent si gnal sumatlon occurs, in the case of noncoherent signal

surnation, this ratio has an average value of

H

R Z a2 (2—71)av I

Th us, the factor by which the rece i ved signal energy may be increased Is

N 2

R 
[ z  ai ]

— < H  (2—72)
av E a ~

I~ l

Ojtimum Signa l Waveform. An exp licit form for the optimum wavefom for time -

l imited signals has not been found and it is conjectured that analytical

• solutions do not exist. A waveform that is optimum in some cases, and very

nearl y so in many cases, is t~- e RF pu l se with a rectangular enve lope and a

frequency that is one that is optimum for the stead y—state sinusoid. Such

a signal can be made more nearly optinum by making the pulse long compared

to the duration of the target impulse response. Plore complex forms of

si gnals , based on an orthonornal signa l expansion , can also be found.

These signals do not yield any significant improver~ nt over 1W pulses with

a rectangular envelope operat ing at an optimum frequency. h owever, more

research will be requi red to tul l y evaluate the performance of such wave-

forms -- particularly for short duration pulses.
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Effect of Target Aspect Angle. The optimum frequency is a rapidl y chang ing,

and discontinuous, function of the angle of incIdence. At some ang l es there

may be no frequency within a reasonable range of frequencies at which near

optImum resul ts occur. Furthermore, as the frequency i s i ncreased in order

to approach the theoretical maximum more clearly, the sensitivity of the

response to aspect angle becomes even more severe.

-- _______________ 
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RECOIIH[hiDATiOpic

The analyt ica l results obtained in this study Indicate that substanti al

enhancev~ nts of the radar cross—section occur for selected operating fre-

quencies and/or target aspect ang les. Although onl y simp le target models

were used In the anal ysis , the scatte red signal was a very complex function

of frequency , aspect ang le and scatte rer configuration , and a complete

study could not be made in the available time , in order to more fully

extend the understanding of the advantages of special signal design for

scattering enhancement , it is recommended that the following additiona l

work be carried out.

1) Continue the development of an optimum signal by way of the
orthonorma l expansion with the objective of more definitely
proving or disprov ing the conjecture rega rding the optimality
of pulsed sinusoids .

2) i nvestigate more thoroughly the relationship between optimum
frequenc ies and target aspect angle in order to evaluate the
feasibility of adaptively determining the optimum frequencies
from observed si gna ls , or the feasibility of developi ng al-
gor it hms for mak ln q dlscont i nuous changes in these frequenc i es
as the need arises.

3) Determine the effects of doppler and target rotation on the
relation of optimum frequencies to target aspect angle.

4) i nvestigate the use of wideband signals , or multiple frequency
si gnals , as a means of identif ying the optimum frequencies.

5) i nvestigate the use of multiple receivers, separated signifi—
cantly in  angle, and a single transmItter as a means of ac-
quiring more information to optimize the signal.

6) I nves tigate the possib i l i ty of us ing the modula tion i nduced
on the received signa l as a resul t of target • iot ion to predict
the optimum signal frequency.

7) Investigate the use of frequency modulated pulse tra i ns to
generate amplitude modulated return si gnals as a r~ ans of
improving detectab ility and characterizing the target response

• funct ion.


